In this paper, the authors consider leaf spaces of singular Riemannian foliations F on compact manifolds M and the associated F -basic spectrum on M , spec B (M, F ), counted with multiplicities. Recently, a notion of smooth isometry ϕ : M 1 /F 1 → M 2 /F 2 between the leaf spaces of such singular Riemannian foliations (M 1 , F 1 ) and (M 2 , F 2 ) has appeared in the literature. In this paper, the authors provide an example to show that the existence a smooth isometry of leaf spaces as above is not sufficient to guarantee the equality of spec B (M 1 , F 1 ) and spec B (M 2 , F 2 ). The authors then prove that if some additional conditions involving the geometry of the leaves are satisfied, then the equality of spec B (M 1 , F 1 ) and spec B (M 2 , F 2 ) is guaranteed. Consequences and applications to orbifold spectral theory, isometric group actions, and their reductions are also explored.
Introduction
Given a singular Riemannian foliation with closed leaves on a compact Riemannian manifold M , we consider the spectral geometry of the leaf space M/F . More precisely, we are interested in the F -basic spectrum-the spectrum of the Laplacian on M restricted to the smooth functions that are constant on the leaves. Let C . The following notion of smooth isometry of leaf spaces using this idea of smoothness has recently appeared in the literature relating to singular Riemannian foliations (SRF): Definition 1.1. A map ϕ : M 1 /F 1 → M 2 /F 2 is said to be a smooth SRF isometry if it is an isometry of metric spaces that is smooth (in the above sense) with smooth inverse.
Given the above notions of a smooth SRF isometry between leaf spaces and "smooth" structures on leaf spaces, it is natural to ask if these generalizations to possibly quite singular leaf spaces have the same properties as the corresponding structures on smooth manifolds. In particular, does the existence of such a smooth SRF isometry between leaf spaces M 1 /F 1 and M 2 /F 2 imply equivalence of the F i -basic spectra for i = 1, 2. As we shall see in the following example, the existence of a smooth SRF isometry of the leaf space is not sufficient to guarantee that spec B (M 1 , F 1 ) = spec B (M 2 , F 2 ).
Example 1.2. Let M = S
2 be the round 2-sphere with G = SO(2) ≤ Isom(M ) where G acts by rotation around an axis. The orbit space of such an action defines a singular Riemannian foliation with the orbits as leaves, and there is a smooth SRF isometry between the quotient space M/G and the orbifold O = [0, π] given by the standard association of orbits to points (via Theorem 1.3 of [2] ). The Neumann (orbifold) spectrum of O is known to be spec(O) = {0, 1, 4, . . . , k 2 , . . .}. The eigenvalues of the n-sphere are given by k(k + n − 1) so that the G-invariant spectrum of M is a subset of spec(M ) = {0, 2, 6, . . . , k(k + 1), . . .} where we have suppressed the multiplicity of eigenvalues. It follows immediately that the smooth SRF isometry between M/G and O = [0, π] does not induce an equality of the basic spectra.
We note that if the leaf spaces M 1 /F 1 and M 2 /F 2 have the structure of n-dimensional orbifolds 1 , O 1 and O 2 , respectively, then we have two different representations of each leaf space: the frame bundle representation O i = F r(O i )/O(n), and the original one, O i = M i /F i , for i = 1, 2. The frame bundle representation is rather special because any orbifold isometry, ϕ : O 1 → O 2 automatically lifts to an isometry of the corresponding orthonormal frame bundles F r(O 1 ) → F r(O 2 ), as described in Section 4 of [6] . Furthermore, this isometry of the frame bundles is actually a foliated diffeormorphism between the frame bundles, i. e., it sends the leaves to leaves (which are the orbits under the natural O(n) action). The existence of such a foliated diffeomorphism on the frame bundles is sufficient to guarantee isospectrality of the orbifold spectra. However, no such foliated diffeomorphism between M 1 and M 2 is guaranteed by the existence of the mapping ϕ between leaf spaces. If one were to seek to generalize the situation with the frame bundle representation to more general leaf spaces of singular Riemannian foliations then the analogous assumption of the existence of a leaf-preserving isometry between the ambient spaces M 1 and M 2 is certainly sufficient but it is overly strong; we should not need the F 1 and the F 2 leaves to be isometric in order to guarantee that spec B (M 1 , F 1 ) = spec B (M 2 , F 2 ). The main result of this paper is to show, given a smooth SRF isometry between leaf spaces, that F i -basic isospectrality can be assured under less stringent conditions, with just a little additional information about the particular geometry of the singular Riemannian foliations that yield the isometric leaf spaces.
be a smooth SRF isometry satisfying the following two conditions: (1) the leaves above corresponding points have the same leaf codimension, and (2) the mean curvature vector fields over the respective principal regions of (M 1 , F 1 ) and (M 2 , F 2 ) are basic. Then the leaf spaces are isospectral, i.e. spec B (M 1 , F 1 ) = spec B (M 2 , F 2 ). Furthermore, if the quotient M 1 /F 1 has no topological boundary, then assumption (1) above, may be dropped.
Note: as discussed in Section 2.1 of [3] , the condition that M/F has boundary is equivalent to the condition that the quotient codimension 2 of every singular stratum is greater than one. 
The O(n)-invariant spectra of the frame bundles F r(O 1 ) and F r(O 2 ) will also be the same, by virtue of the fact that such isometries lift to the associated frame bundles, as noted earlier. However, unless there is an additional isometry between M i /F i and F r(O i )/O(n) for at least one of i = 1, 2 that satisfies the hypotheses of Theorem 1.3, then there is no guarantee that the F i -basic spectra are equal to the orbifold spectra of O i .
This result follows similar work by M. Alexandrino, and M. Radeschi in [3] . In particular, we note that many nice consequences follow from Theorem 1.1 of [3] , which states that a metric space isometry between leaf spaces that preserves the leaf codimensions must be smooth. Thus, one may drop the adjective "smooth" from any SRF isometry that satisfies the hypothesis (1) of Theorem 1.3. In what follows, an SRF isometry satisfying this hypothesis will be understood to be smooth.
The paper proceeds as follows. We discuss in more detail the notion of a smooth SRF isometry and its properties in Section 2 and prove Theorem 1.3. In Section 3, we discuss applications of Theorem 1.3 to orbifold spectral theory and isometric group actions. We also discuss the representations of the leaf spaces via different singular Riemannian foliations and make note of some properties of SRF isometries.
Singular Riemannian Foliations and Smooth Isometries

Preliminaries
Here, we recall some of the terminology of singular Riemannian foliations, [11] . Definition 2.1. A singular Riemannian foliation on an ambient manifold M is a partition F of M by connected immersed submanifolds, known as the leaves, that satisfy the following two conditions:
1. The module Ξ F of smooth vector fields that are tangent to the leaves is transitive on each leaf in the sense that there exist a collection of smooth vector fields X i on M such that for each x ∈ M the tangent space to the leaf L x through x is spanned by the vectors X i . Note that the dimension of the leaves may vary over the manifold. 2. There exists a Riemannian metric g on M that is adapted to F in the sense that every geodesic that is perpendicular at one point to a leaf remains perpendicular to every leaf that intersects that geodesic. In other words, the normal distribution to the leaves is totally geodesic.
Examples:
1. Given a compact Lie group acting on a compact manifold M by isometries, the partition of M into orbits defines a singular Riemannian foliation whose leaf space is the orbit space of the action. 2. As a special case of the above, an orbifold O of dimension n can always be represented as the leaf space of the orthonormal frame bundle F r(O) with the leaves being the orbits under the natural O(n) action. Because the isotropy subgroups are finite, this singular Riemannian foliation is actually a regular Riemannian foliation in that all the leaves (orbits) are of the same dimension. 3. Given a Riemannian foliation (M, F ), the partition of M into leaf closures defines a singular Riemannian foliation when the dimension of leaf closures is not necessarily constant.
Note: in the above situations, the examples produce (possibly) singularRiemannian foliations with closed leaves. In general, there is no requirement that a singular Riemannian foliation should have closed leaves. However, when the leaves are closed, one can define a notion of a smooth structure on M/F as well as a natural metric structure that is inherited from M . Note that it has recently been proved in [4] that the closure of a singular Riemannian foliation is again a singular Riemannian foliation, settling a long-standing conjecture due to Molino. Hence, If one has a singular Riemannian foliation whose leaves are not all closed one may always consider its closure instead. Definition 2.2. We define a "smooth" structure on M/F to be the algebra C ∞ (M/F ) consisting of functions f : M/F → R whose pullback via π : M → M/F is a smooth basic function on M. Note that the "smooth" structure of a possibly non-closed leaf space M/F will be the same as that of M/F. In the situation when the singular Riemannian foliation arises from an isometric group action by a compact Lie group, we can rephrase this as follows. A smooth structure on M/G is the algebra of functions
U is an open set in the topological space M/G, with the quotient topology, then smooth structure is given by the sheaf of smooth functions
In what follows, we will occasionally make use of the natural stratification of the ambient space M . Recall from the theory of Riemannian foliations, [11] , that one can define a stratification of M as follows. Let Σ k denote the union of leaves of dimension k. Then for each k, Σ k is a weakly embedded submanifold. When k is maximal, the corresponding stratum is usually denoted by M reg , which is an open, dense subset of M , whose quotient M reg /F is at worst a Riemannian orbifold.
The Local Geometry of Singular Riemannian Foliations
While the leaf space of a singular Riemannian foliation is an example of an Aleksandrov space, the metric structure is much stronger than the more general case of an Aleksandrov space because the metric structure on the quotient comes from a smooth metric structure on the manifold M that is adapted to the foliation, (see [11] for definitions). Certainly, the distance between points in the quotient is realized by the lengths of orthogonal geodesics connecting the orbits containing the preimages of the points in the quotient. The set M reg admits a regular Riemannian foliation, and thus a transverse metric g T , such that π| Mreg : M reg → M reg /F has as its image a Riemannian orbifold B whose metric g B is isometric to g T in the sense that g T = π * g B . This induces the following relationship between the local Laplacian on M and the Laplacian on the quotient orbifold B in terms of the mean curvature vector field H (or equivalently, its dual, the mean curvature form) over some neighborhood U contained within the regular region (see standard references such as [8] ):
where f is a smooth basic function, and thus defines a function on B that we also denote by f . We note that if f is basic and the mean curvature vector field over the regular region is basic, then the last term in the right-hand side of (1) also defines a basic function. One of the defining features of a singular Riemannian foliation with closed leaves is the existence of good local geometry in the sense of having nice tubular neighborhoods around the closed leaves, see Chapter 6 of [11] . These tubular neighborhoods are defined via a generalization of the exponential map due to Molino, as follows. Given p ∈ L p , the leaf through p, consider some relatively compact open P ⊂ L p , containing p. Let ν p L p denote the normal bundle to the leaf L p . Let Let B r (P ) denote the bundle of open balls of radius r over P formed by the vectors in ν p L p of length less than r. Given r sufficiently small, the exponential map at the various points of P defines a local diffeomorphism, denoted by exp P , from the bundle of open balls of sufficiently small radius in the normal bundle to the leaf, ν p L p , to an open tubular neighborhood of P ⊂ L p in M . The tubular neighborhoods referred to above are the images of sufficiently small balls B r (P ) under the exponential map-i. e., exp P B r (P ) .
This map has several nice properties that allow one to define the infinitesimal foliation, as described in Section 2.3 of [3] . This is a foliation defined on the entire normal bundle ν p L p . It is obtained via the foliation by connected components of the leaves of F restricted to a sufficiently small tubular neighborhood of L p . This foliation is then pulled back via exp P and can be extended to a singular Riemannian foliation on all of ν p L p with the Euclidean metric. We note that under the pullback construction leaf codimensions are preserved. Finally, the exponential map
induces a local diffeomorphism denoted by exp * on the quotients:
where U is a neighborhood of π(p) ∈ M/F that preserves leaf codimensions.
The Proof of the Main Theorem
Before proving this version of Theorem 1.3, we sketch its proof and state a necessary result. The argument is similar to that used in the proof of Theorem 1.1 of [3] . Let ∆ 1 denote the Laplace operator on (M 1 , g 1 ) and similarly for ∆ 2 on (M 2 , g 2 ). The first steps in the proof are identical to the ones used in the proof of Theorem 1.1, [3] : first, we linearize via the infinitesimal foliation; second, we apply Proposition 3.1 of [3] , which we state below; finally we show that via the results of Proposition 3.1, one derives an intertwining of the form
on an open dense subset of M 1 , namely, the region corresponding to the orbifold part of M 1 /F 1 . From this we show containment of the F 1 -basic spectrum of M 1 in the F 2 -basic spectrum of M 2 . Isospectrality follows from repeating the argument with ϕ −1 .
be two (possible non-connected) closed singular Riemannian foliations, and let ϕ : R n1 /F 1 → R n2 /F 2 be an isometry that preserves the codimension of the leaves. Then the mean curvature vector fields of the corresponding principal leaves are basic and ϕ preserves the projections of those vector fields.
Proof of Theorem 1.3. Let p i ∈ M i for i = 1, 2 and π i denote the maps π i : M i → M/F i for i = 1, 2. Also, let (exp i ) * denote the local diffeormorphisms induced on the quotients by the exponential maps as in the previous discussion of the local geometry of the singular Riemannian foliations for i = 1, 2. Then in a neighborhood of π 1 (p 1 ) we can express ϕ as
As noted previously, (exp i ) * for i = 1, 2 preserve leaf codimensions, and similarly for their inverses. Thus, the fact that ϕ preserves leaf codimensions implies that ϕ * does as well. Since ϕ * is a map between foliated Euclidean spaces, we may invoke Proposition 3.1 of [3] to conclude that the mean curvature vector fields of the corresponding principal leaves are basic and that ϕ * preserves the projections of these vector fields. Because all the maps in (3) preserve the projections of the mean curvature vector fields and their properties with respect to being basic, we now conclude that ϕ : M 1 /F 1 → M 2 /F 2 preserves the mean curvature vector fields H 1 and H 2 over the corresponding principal leaves and that these vector fields are basic. Hence, ϕ * (dπ 1 (H 1 )) = dπ 2 (H 2 ). Recalling that the union of the principal leaves is the regular part of M i for i = 1, 2, let p 1 (respectively p 2 ) be in the regular part of M 1 , (respectively, M 2 ). The corresponding leaf spaces are at worst orbifolds and let B i denote the local model for these orbifolds (M i ) reg /F i for i = 1, 2. Suppose for each i = 1, 2 there is a neighborhood U i of p i such that π i (U i ) ⊂ (M i ) reg /F i . By shrinking these neighborhoods if necessary, we may assume that ϕ(π 1 (p 1 )) = π 2 (p 2 ) and also that ϕ(π 1 (U 1 )) = π 2 (U 2 ). Note that ϕ restricts to an isometry from π 1 (U 1 ) to π 2 (U 2 ).
From standard references such as [8] , we know that for each i = 1, 2
for f 1 an F 1 -basic function which defines a function in C ∞ (B 1 ), also denoted by f 1 , and similarly for f 2 an F 2 -basic function and its corresponding function in C ∞ (B 2 ), as in (1). Let f 1 = ϕ * f 2 . As noted in the proof of Propositon 3.5 of [3] , because ϕ lifts to an isometry which we also call ϕ from B 1 to B 2 , we have
Since dπ 2 (H 2 ) is basic, every function in (5) defines a function on the quotient, so we may pull them back via ϕ. Applying ϕ * to both sides of (5), and using (6) yields:
But then observe that since ϕ * (dπ 1 (H 1 )) = dπ 2 (H 2 ), and ϕ * g 2 = g 1 we have
and hence, comparing the above to (4), we have
which is the local form of the desired intertwining in (2) . Now suppose h ∈ C ∞ (M 2 /F 2 ) is such that its restriction to π 2 (M 2 ) reg is an eigenfunction of ∆ B2 with eigenvalue λ. Then we have via (10),
By continuity π * 2 h is a F 2 -invariant eigenfunction of ∆ 2 with eigenvalue λ. Con-
F2 that is an eigenfunction of ∆ 2 with eigenvalue λ descends to a local eigenfunction h 2 of ∆ B2 with corresponding eigenvalue λ.
By (10), we now have
But π * 1 ϕ * h is a smooth F 1 -invariant function on all of M 1 , as is ∆ M1 π * 1 ϕ * h. Hence, by continuity, (12) holds on all of M 1 , and spec(M 2 , F 2 ) ⊂ spec(M 1 , F 1 ). Finally, since ϕ has a smooth inverse, the reverse inclusion holds as well.
The last statement in the theorem is an immediate consequence of Remark 3.2 of [3] , which points out that when the quotient M 1 /F 1 has no boundary, then the assumption in Proposition 3.1 concerning the preservation of leaf codimensions can be dropped, and thus the conclusion still holds.
Remark 2.4. We observe from the above that hypothesis (2) of Theorem 1.3 with regard to the mean curvature vectors H i being basic ensures that dπ i (H i ), for i = 1, 2, are well defined on the quotient orbifolds B i , while the first hypothesis (1) regarding the correspondence of leaf codimensions guarantees that ϕ and its inverse preserve dπ i (H i ) for i = 1, 2. The class of singular Riemannian foliations for which the mean curvature vector field over M reg is basic includes many of the most interesting examples of singular Riemannian foliations. Among these are the orthonormal frame bundle representation of an orbifold (in this case, the foliation has minimal leaves, and hence H i = 0 is certainly basic), as well as singular Riemannian foliations defined by the orbits of closed, connected subgroups of the isometry group, as noted in [5] .
Applications of the Main Result
Applications to orbifold spectral theory
Perhaps the most interesting applications of the main result are those related to orbifold spectral theory. Accordingly, we highlight the following corollary in relation to orbifold quotients. Furthermore, either condition above is sufficient to guarantee that the F -basic spectrum on M is the orbifold spectrum of O.
Proof. We first recall that the orbifold spectrum of an orbifold O is the O(n)-invariant spectrum on the orthonormal frame bundle F r(O) equipped with a Riemannian metric that arises from the Riemannian orbifold metric on O, the Levi-Civita connection and a bi-invariant metric on O(n). Indeed, since the metric on the frame bundle is locally a product metric, the mean curvature vector field is not just basic but zero. Now suppose (M, F ) is a regular Riemannian foliation. The metric space isometry guarantees that the dimension of O and M/F are the same, hence the leaf codimension over the quotients F r(O)/O(n) = O and M/F are the equal, and hence (M, F ) is a regular Riemannian foliation whose leaf codimension is necessarily n. We note that the mean curvature vector field H 1 of F r(O), O(n) projects to a well-defined vector field on O which is zero, since the leaves are known to be minimal, and hence F r(O), O(n) has basic mean curvature vector field. From the proof of Theorem 1.3, we note that since ϕ * (dπ 1 (H 1 )) = dπ 2 (H 2 ), we must have H 2 = 0, as well. Hence, condition (ii) follows.
Conversely, if (M, F ) is minimal then by the main result of [10] , (M, F ) must be a regular Riemannian foliation. By minimality, the mean curvature vector field is defined everywhere and, being zero, is basic. Thus, condition (i) holds.
If either condition is satisfied, we see that the codimension of the orbits of F r(O), O(n) and the codimension of the leaves of (M, F ) are both equal to n everywhere, and that the mean curvature vector fields are both zero, and hence, basic. By Theorem 1.1 of [3] , the map ϕ and its inverse are actually smooth. Thus, by the above, the conditions of Theorem 1.3 are satisfied, and isospectrality follows.
We also have the following special case when the leaves of (M, F ) are the orbits of a closed, connected group G of isometries of M : Furthermore, either condition above is sufficient to guarantee that the G-invariant spectrum on M is the orbifold spectrum of O.
Proof. As noted in Remark 2.4, in this case the mean curvature vector field of (M, G) is known to be basic as noted in [5] , thus the hypothesis on the mean curvature vector field is unnecessary. Otherwise, this corollary is just a restatement of the previous corollary in the language of orbit spaces of isometric group actions.
Conversely, we note that Example 1.2 demonstrates that if the orbit dimension is not constant, then isospectrality of the orbifold and G-invariant spectra is not guaranteed.
Applications to Isometric Group Actions and their Reductions
There are a number of situations in which smooth SRF isometries between orbit spaces are known to exist. Many of these arise from metric space isometries that are known to be, under certain circumstances, smooth. For example, any metric space isometry of a leaf space that has an orbifold structure is smooth, (Theorem 1.3 of [2] ), or any metric space isometry between orbit spaces of dimension at most 3, (Theorem 1.5 of [2] ). These metric space isometries, in turn, come about because of standard reductions of the orbit spaces whereby one can replace the orbit space M 1 /G 1 with another one, M 2 /G 2 , which typically arises from a simpler group action. Examples of such reductions include the principal isotropy reduction, the minimal reduction, and the effectivization of a group action. Corollary 3.3. Suppose M is a compact manifold that admits isometric actions by closed, connected Lie groups G 1 and G 2 , respectively. If the two actions are orbit equivalent (in the sense that for all x ∈ M, G 1 · x = G 2 · x) then the G 1 -invariant spectrum and the G 2 -invariant spectrum are the same.
Proof. Under the hypotheses above, the mean curvature vector fields over the regular regions of both actions are basic, and since the G 1 -orbits are the same as the G 2 -orbits, the leaf spaces are identical, and the orbit codimensions are the same for both actions. Hence, by Theorem 1.1 of [3] and Theorem 1.3, the identity map is a smooth SRF isometry and the result follows.
As an application of the above, we have the following for Lie groups acting by isometries on a manifold M . Corollary 3.4. Let H = ∩ x∈M G x . Then K = G/H acts effectively on M . Suppose that the mean curvature vector field over the region of principal isotropy is basic. Then the G-invariant spectrum and the K-invariant spectrum are identical.
Proof. It is straightforward to check that H is normal in G. Further, K acts on M because the elements of H fix every point, and hence the action is welldefined, and effective (by construction). The reduction of the action to M/K defines a metric space isometry ϕ between M/G and M/K in a trivial way, since this reduction is an orbit equivalence. Thus, trivially, the dimensions and codimensions of the orbits are preserved. By the previous corollary, the G-invariant spectra and the K invariant spectra are the same.
Representations of leaf spaces and Properties of SRF isometries
We conclude this section with some remarks about smooth SRF isometries. In general, there are many different ways to represent a space Q as the leaf space of a singular Riemannian foliation (M, F ), even for quotients Q that have an orbifold structure. Indeed, in [7] the authors describe various singular Riemannian foliations which carry an orbifold structure on the leaf spaces, in the sense previously noted. In fact, they describe families of representations of isometric group actions that produce the same orbifold. However, in many cases, these orbifold quotients descend from singular Riemannian foliations that have variable leaf codimension, and thus do not meet the conditions of the previous corollaries that are sufficient to guarantee isospectrality with the orbifold spectrum.
Further, SRF isometries generally do not preserve many features of group actions and singular Riemannian foliations such as isotropy type, or number of strata in the stratification by leaf dimension. To see this, we briefly revisit Example 1.2. In that example, a smooth SRF isometry exists between the orbifold O = [0, π] and S 2 /SO(2). However, O is an orbifold, and hence arises from a regular Riemannian foliation via the frame bundle representation (among others), and thus has only one stratum consisting of leaves of codimension 1. On the other hand, S 2 /SO(2) has a stratification consisting of two strata-a singular stratum consisting of the two poles of codimension 2, and the complementary set, whose leaves have codimension 1. In addition, O has Z 2 isotropy at the endpoints, while S 2 /SO(2) has SO(2) isotropy at the corresponding points. Thus, smooth SRF isometries do not preserve either the number of strata in a stratification, the codimension of the leaves over singular strata, or the isotropy type of corresponding points. These isometries do preserve topological features of the leaf space, such as dimension of the leaf space, the presence of (topological) boundary, and some features of the images of stratified sets in the ambient space M.
We recall first the definition of quotient codimension. For a leaf space π : M → M/F , if Σ is a subset of M saturated by leaves, then the quotient codimension of Σ is defined to be:
The following demonstrates that a smooth SRF isometry preserves the quotient codimension of saturated sets. Proof. M 1 and M 2 are each stratified by a finite collection of sets S i , respectively T j where S i is the union of leaves of dimension i, and that the dimension of the leaves is lower semi-continuous, [11] , and similarly for T j . Here i takes values from {0, i 1 . . . , i max }, where i max is the maximum dimension of the orbits. Hence, M 1 = i S i and S i ⊂ k≤i S k , and similarly for M 2 . In fact, S i is open and dense in k≤i S k . Note, these stratifications may be a little finer than the stratifications by quotient codimension. By assumption, ϕ is a homeomorphism. It follows easily that when k = 0, Σ 1 0 contains π(S imax ) and thus is dense with non-empty interior in M 1 /F 1 and ϕ(Σ 1 0 ) = Σ 2 0 . Note: it follows that dim π 1 ((M 1 ) reg ) = dim π 2 ((M 2 ) reg ) . Hence, ϕ restricts to a homeomorphism on the complements: ϕ((Σ 1 0 ) c ) = (Σ 2 0 ) c . Let k 1 denote the first non-zero quotient codimension of M 1 . Then Σ 1 k1 contains π(S i1 ) and thus is dense with non-empty interior in (Σ 1 0 ) c and so ϕ(Σ 1 k1 ) has the same property in (Σ 2 0 ) c . Further, its dimension is equal to k 1 . It follows that k 1 is also the first non-zero quotient dimension in M 2 , and thus ϕ((Σ 1 k1 ) c ) = (Σ 2 k1 ) c , where the complements are taken in (Σ 1 0 ) c and (Σ 2 0 ) c . This argument can be repeated finitely many times to show the conclusion.
Finally, we note that in [1] , there are examples of isospectral leaf spaces that have strata of different quotient codimensions, and thus, this situation is not audible.
